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abstract
We realize a robust and compact cylindrical vector beam generator which consists of a simple two-element interferometer composed of a beam displacer and a cube beamsplitter. The interferometer operates on the higherorder Poincaré sphere transforming a homogeneously polarized vortex into a cylindrical vector (CV) beam. We experimentally demonstrate the transformation of a single vortex beam into all the well-known CV beams and show the operations on the higher-order Poincaré sphere according to the control parameters. Our method offers an alternative to the PancharatnamBerry phase optical elements and has the potential to be implemented as a monolithic device.
Introduction
Optical vector beams are structured fields which posses a space-dependent polarization distribution [1] . Two particular examples are the radially and azimuthally polarized beams, which are commonly called cylindrical vector (CV) beams [2, 3] . These are characterized by a donut shape intensity containing a central singularity surrounded by an azimuthally varying pattern of linear polarizations. The family of CV beams can be conveniently described as a coherent superposition of optical vortices with orthogonal polarizations and opposite helicities [4] . The corresponding Jones vector of the transverse electric field can be written as
In the above equation, we have considered a monochromatic light beam, with wavelength λ = 2π/k and r = xx + yŷ, propagating along the z-axis.
The unit vectorsĉ R andĉ L are the right-and left-handed unit polarization vectors, respectively. The function LG m (r) represents an optical vortex whose complex amplitude is given by the single-ringed Laguerre-Gaussian (LG) beams. The LG beams belong to the class of helical modes with azimuthal dependence exp(imφ), where the integer index m, also known as the topological charge, characterizes the helical wavefront of the beam. This helical wavefront indicates that the LG beams carry orbital angular momentum (OAM). In fact, for the LG beams, the amount of OAM per unit power and unit length is equal to m. For the particular case m = 1, the phase difference β in Eq. (1) can be adjusted to generate radial, azimuthal or hybrid modes [5] . Higher-order polarization singularities can be realized with m > 1 [6, 7] . The CV beams have been extensively studied, in particular, due to their tight focusing properties which present a strong longitudinal component and a smaller focal spot compared to a focused Gaussian beam [8, 9] . They have been applied in multiple areas such as microscopy [10, 11] , optical manipulation [12, 13, 14, 15] , material processing [16, 17, 18, 19] , and telecommunications [20, 21] .
The generation of CV beams can be performed using active or passive methods [2] . In the active generation method the beams are obtained directly from the light source using a specially design intracavity resonator [22, 23] . The passive methods in free space are based on the modification of spatiallyhomogeneous polarized beams with devices that variant the polarization dis-tribution. All the interferometric methods, where the wavefront is modified using spatial light modulators, belong to the passive methods [24, 25] . Other interferometric configurations have been explored which include compact and robust designs [26, 25, 27, 28] . Furthermore, single-element vector beams generators have been introduced such as metasurfaces and Pancharatnam-Berry phase optical elements [29, 30] , which allow us to create complex polarization patterns based on a specific input beam. Nevertheless, these elements are not so common and their purchase or fabrication is not accessible for some laboratories.
The CV beams can be used as an extended basis to describe light beams with space-dependent polarization states, which are visualized in a higherorder Poincaré sphere (HOPS) [31, 32, 33] . In this new representation, the family of CV beams is described in a hybrid spatial-polarization basis, which is formed by the product of orthogonal spatial modes and circular polarization basis, i.e. the basis elements are {LG m , LG −m } ⊗ {ĉ R ,ĉ L }. This representation permits to easily visualize the effect of phase retarders and polarizers on the polarization pattern. Further details of this formalism can be found in Millione et al. [31] and Holleczek et al. [33] .
Due to the properties and applications of the CV beams, it is desirable to find alternatives to generate them. In this work, we introduce a compact and simple interferometric method to transform scalar vortex beams into CV beams using optical elements easily found in an optics laboratory. The main component of our method is a two-element interferometer composed of a beam displacer and a cube beam splitter with its semi-reflecting layer placed parallel to the optical axis of the system. We introduce the theoretical description for the CV beam generator and explain the effect of the control parameters on the higher-order Poincaré sphere. An experiment is performed to demonstrate our proposal by realizing all well-known CV beams.
s-and p-polarization components of the input beam without reflecting the s component. On the contrary, a polarizing beam splitter reflects the s component changing its helicity and hence its spatial mode. A requirement for our idea to work, it is that both beams arriving at the BS have the same spatial mode (except for an overall phase and amplitude factor). Therefore, the BD separates the beam according to our requirements. In addition, the output beams are parallel to the input beam, which facilitates alignment and reduces the number of optical elements. As explained later, a vector beam is already realized after the BS, however, in order to generate the polarization structure described by Eq. (1), we use a quarter-wave plate (QWP) following the CBS to change the Cartesian polarization basis into a circular polarization basis. The input to the device is a vortex beam described as
wherex,ŷ are unit polarization vectors directed along the x and y directions, respectively. The unit vectorê = cos αx+exp (iθ) sin αŷ is a generic elliptical polarization state with inclination angle α and constant phase difference θ.
The complex amplitude LG m is given by
where we have used a cylindrical coordinate system (x, y) = (r cos φ, r sin φ), w 0 is the beam waist at the plane z = 0 and C m is a normalization constant, such that the beam has unit power, i.e. |LG m | 2 dxdy = 1. The optical vortex given by Eq. (3) can be generated in multiple ways [34] . In our case, taking advantage of a recent experiment, we opted to generate the vortex beam using a spatial light modulator (SLM) [35] . Nevertheless, the vortex beam could be generated using a spiral phase plate or by transforming a Hermite-Gaussian mode using a pair of cylindrical lenses [36] . The vortex beam passes through a combination of a quarter-wave plate and a half-wave plate (not shown in Fig. 1 ) in order to generate the elliptic polarization of Eq. (2).
The vortex beam U in enters the BD and is spatially separated in two orthogonally-polarized optical vortices U 1 and U 2 with the same topological charge and helicity. The outputs U 1 and U 2 after the BD can be written as In the above equation, we have neglected a phase difference between U 1 and U 2 that might arise due to the different optical paths between the ordinary (U 2 ) and extraordinary modes (U 1 ) of the BD. However, this phase difference can be compensated through phase θ, which can be introduced using a quarter-wave plate. Nevertheless, in the experimental results that follow, we did not need to compensate for that phase difference. After the BD, U 1 and U 2 are incident onto the CBS whose semi-reflecting layer is placed parallel to the propagation direction of the beams (refer to Fig. 1 to see the ray trajectories inside the CBS). This configuration was inspired by the single-element interferometer proposed by Ferrari et al. [37] . The CBS divides each input into two rays, one transmitted and one reflected. The transmitted parts of the beams are replicas of the input beams multiplied by a factor 1/ √ 2. The reflected parts, in addition to the multiplicative factor 1/ √ 2, gain a phase-shift of π/2 and their OAM helicity (the sign of the topological charge m) is inverted. Notice that the trajectory of the reflected parts resembles the action of a Dove prism. It has been shown that an optical vortex inverts its OAM after traversing a Dove prism, as described by Gonzalez et al. [38] . Therefore, for the reflected parts we make the transformation m → −m.
The output fields U 3 and U 4 after the CBS are given by the superposition of the transmitted and reflected parts as
Finally, in order to change the polarization basis from linear to circular, we use a quarter-wave plate whose fast axis is placed at 45 degrees with respect to the x-direction. The resulting beams are
whereĉ R =x−iŷ andĉ L =x+iŷ are the right and left handed polarization vectors, respectively. It must be noticed that the spatial distribution of the superposition can be modified only by varying the input beam polarization state. For example, the case with α = −π/4 in Eq. (8) reproduces the polarization distribution given by Eq. (1), which corresponds to the family of CV beams.
Experimental implementation
The CV beam generator is constructed using a HeNe laser (Thorlabs HNL020LB) centered at a wavelength of 632.8 nm. The single-ringed LG beams are generated applying a similar technique as the one used by Arrizon et al. [35] by using an amplitude-only SLM (HOLOEYE LC2002). The laser beam is spatially filtered, expanded and collimated before impinging the SLM. It is then passed through a combination of a 4f system with an aperture to recover the LG mode from the first diffraction order. Subsequently, the LG beam passes through the quarter-and half-wave plates to define the polarization state according to Eq. (2). The resulting LG beam goes through the BD (ThorLabs BD40) which provides a 4 mm spatial displacement between the two output beams. The output beams have a beam diameter of about 1 mm, and hence, the beam displacer separates the beam without overlapping them.
As mentioned in the previous section, both output beams are parallel to the input beam and have orthogonal polarizations. They enter the CBS which is aligned according to the scheme of Fig. 1 . The CBS is a 50:50 non-polarizing cube beamsplitter (Thorlabs BS013).
Since the polarization distribution is constructed by the superposition of a reflected and transmitted beam, it must be noticed that the alignment of the CBS is crucial to ensure it. Following this condition, a three-axis mount has been used for the CBS in order to obtain a correct control over the superposition. After interfering at the beam splitter, the output beams are directed to a quarter-wave plate. The inhomogeneous polarization distribution is reconstructed by using traditional Stokes polarimetry
where I(x, y) is the total transverse intensity of the beam and the subscripts H, V, D, A, R, L are the horizontal, vertical, diagonal at 45
• , diagonal at 135
• , right and circular intensities, respectively. The intensity pattern of each output beam was captured using a CCD camera (Thorlabs DCU224M).
We compute the polarization ellipses at each spatial point of the transverse plane using the following equations [39] :
where Ψ is the orientation of the major axis of the ellipse and ε is the ellipticity. The handedness of the polarization state is determined by the sign of S 3 . To illustrate the polarization distribution we consider a subset of equally spaced points on the transverse plane.
Results and discussion
We focus our experimental measurements on the output beam U 3 given by Eq. (8) . Notice that the output beam U 4 provides similar polarization patterns. In fact, U 4 is given by U 3 with the transformations m → −m and θ → θ+π. Figure 2 shows our first experimental results. We realized the typical CV beams consisting of a radial and an azimuthal polarization pattern. Figure 2(a) shows the reconstructed polarization distribution along with the measured Stokes parameters for the azimuthally polarized mode. The intensity distribution S 0 is used as the intensity background for the polarization distribution, where the brighter regions represent larger intensities. The polarization ellipses drawn on top of the intensity are computed with Eqs. (14) and (15) Similarly, Fig. 2(b) shows the results for the radially-polarized CV mode. In both results, the Stokes image S 0 shows the typical donut-shaped profile. However, the donut shape is not quite circular and presents astigmatism due to the CBS. In addition, the measured Stokes parameters show some background noise attributed to the waveplates and the protective IR window of the CCD camera. Furthermore, there is a small circular polarization component shown in the S 3 image, which should be ideally zero. These small deviations from the expected linear states on both cases are attributed to the angular dependence of the CBS, which introduces a small phase-shift that depends on the incidence angle [40] . Nevertheless, we consider that the results show good agreement with the theoretical images and the polarization distribution clearly outlines the concentric rings and the radial lines characteristic of the azimuthally and the radially polarized modes, respectively. Figure 3 shows further examples of the possible polarization distributions that can be generated with our method. For visualization purposes, we show the polarization ellipses without the background intensity. We generate the most common CV beams in terms of the topological charge and polarization state of the input field U in . Radial and azimuthal directions are both achieved when the input LG mode carries a topological charge of m = −1 and its polarization is in the diagonal basis, while the hybrid modes are obtained when m = 1. Circular polarization in the input beam generates equally weighted superposition of the previous states, obtaining spiral polarization distributions when m = −1, and the hybrid modes when m = 1. m= 1 m=-1 Finally, our proposal has the versatility of modifying the topological charge of the initial beam to obtain high-order polarization distributions [6, 7] . We obtained the polarization distributions, called flower and spider webs, as shown in Fig. 4 , where an LG beam with topological charge m = ±2 and antidiagonal polarization in the input field U in is used. A polarization distribution of a flower is shown in Fig. 4(a) and the spider web polarization distribution is shown in Fig. 4(b) . 6 Transformations in the higher-order Poincaré sphere
As shown in the above sections, the output polarization distribution is completely described by the polarization state and topological charge of the input beam. We can visualize the transformation of the input LG mode using the HOPS representation. A new set of Stokes parameters in the higher-order Poincaré sphere in terms of the input polarization parameters (α, θ) are defined as [31] S 1 = sin(2α) cos(θ), Figure 5 illustrates the input polarization state on the Poincaré sphere and its respective output polarization state on the corresponding HOPS, which depends on the topological charge of the input beam. From the new set of Stokes parameters, it is noticeable that a variation on the inclination angle α of the polarization state at the input beam represents a translation along a meridian. Meanwhile, a variation on the phase difference between the Cartesian components θ is mapped as a translation along the latitude. Both effects are illustrated in Figure 5 using blue and red arrows, respectively. Since the orthonormal basis of the HOPS depends on the sign of the topological charge, we obtain two independent spheres: one that includes the spirally polarized beams (in which the radial and azimuthal polarization directions are contained) when m = −1 and another one with the hybrid polarized beams when m = 1.
Conclusions
In this work, we have demonstrated the feasibility of a robust and compact cylindrical vector beam generator which consists of a simple two-element interferometer composed of a beam displacer and a cube beamsplitter. The interferometer operates on the higher-order Poincaré sphere transforming a homogeneously polarized vortex into a CV beam. We experimentally demonstrated the transformation of a single vortex beam into all the well-known CV beams and higher-order polarization singularities, and showed the operations on the higher-order Poincaré sphere according to the control parameters. Our method offers an alternative to the Pancharatnam-Berry phase optical elements and has the potential to be implemented in a monolithic device. Furthermore, since our method only employs refractive elements with a high-damage threshold, it can be used to create high-power vector beams. 
